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Parameter Identification of Linear Systems
Based on Smoothing

M. Idan* and A. E. Brysonf
Stanford University, Stanford, California 94305

A parameter identification algorithm for linear systems is presented. It is based on smoothing test data with
successively improved sets of system model parameters. The smoothing pass through the data provides all of the
information needed to compute the gradients of the smoothing performance measure with respect to the
parameters. The parameters are updated using a quasi-Newton procedure, until convergence is achieved. The
advantage of this algorithm over standard maximum likelihood identification algorithms is the computational
savings in calculating the gradients. This approach is extended to identify one set of parameters from several test
runs. The algorithm is compared to other time-domain algorithms using a simple example with computer
simulated data. The performance of this algorithm is demonstrated in identifying the parameters of a linear
model describing the rigid body dynamics of the DLR BO-105 research helicopter from flight test data. The
identification results are presented and compared to recently published models using maximum likelihood and
frequency-domain algorithm. The identified models are in good agreement with each other.

Nomenclature
D,// = measurement equation matrices
J,Jj = performance measure, single maneuver
JT = total multimaneuver performance measure
M = number of maneuvers
P0 = initial conditions weighting matrix
Q = process noise weighting matrix
R = output error weighting matrix
u = known input vector, dimension c
v = measurement noise vector, dimension m
w = unknown input, the process noise vector,

dimension q
x = state vector, dimension n
XQ = a priori estimate of the state initial conditions x(G)
z - measurement vector, dimension m
zm = experimental data, actual measurements
dj = maneuver weighting factor
Fw ,rw = discrete control matrices
0 = parameters weighting matrix
0 - vector of model parameters, dimension p
00 = a priori estimate of the parameters 6
\ = Lagrange multiplier
v - difference between the measured outputs and the

model outputs, zm - z
$ = discrete state dynamics matrix

I. Introduction

T HE parameter identification task can be defined as fol-
lows: Given a system model that contains unknown con-

stant parameters, determine these parameters so that the re-
sponse of the model to a given set of inputs best fits the
experimental system response to the same input signals. The
quality of the fit is measured by a scalar function of the
difference between the experimental output data and the
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model output, called the performance measure. A commonly
used performance measure is a weighted least squares function
of this difference.

Parameter identification algorithms can be categorized in
many ways. The main distinction is between time- and fre-
quency-domain algorithms. In this paper, mainly time-domain
algorithms are discussed and compared. However, when the
proposed time-domain identification algorithm is tested, it
will be compared to results obtained from both time- and
frequency-domain algorithms.

Maximum likelihood estimation has become a standard ap-
proach for parameter identification in the presence of random
signals in the system, widely used in many fields of engineer-
ing, e.g., aircraft dynamic modeling from flight test data.1"3

The resulting algorithms can be divided into three classes.
Equation error algorithms can be used when noise-free mea-
surements of all of the states are available and process noise
(unknown random inputs) are the only random signals present
in the system. These are the simplest maximum likelihood
algorithms, often referred to as regression algorithms. Output
error algorithms can be used when the process noise is negligi-
ble but the measurement noise is not.

In many cases, both the process noise and the measurement
errors have to be accounted for while modeling the actual
system. For example, a ship is moved by the unknown motions
of the sea, a ground vehicle vibrates because of the nonsmooth
terrain it is moving on, and an aircraft is disturbed by the
turbulent air. Even for flight through smooth air, it is often
advisable to include process noise to account for modeling
errors.1

To reduce the effects of random signals on the identifica-
tion, filtering and/or smoothing techniques are used. In fact,
it has been shown4'6 that these algorithms are equivalent.
When process noise can be neglected, the performance meas-
ures are actually equal. The main differences among the al-
gorithms lie in the optimization processes associated with the
different approaches. The majority of maximum likelihood
identification algorithms are based on filtering techniques1'3'7'8;
however, there is a growing interest in algorithms that com-
bine filtering and smoothing9'13 and algorithms based com-
pletely on smoothing ideas.14'17

The commonly used parameter identification algorithms
can be divided into two main groups that are characterized by
the way they treat the unknown parameters:

1) Algorithms that identify the system parameters by com-
puting the sensitivities or gradients of the performance meas-
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ure to changes in the parameters. Using filtering techniques to
compute the sensitivity functions requires one additional fil-
tering pass through the data for each parameter that is identi-
fied. Thus, to identify p parameters (or initial conditions), the
experimental data are filtered p + 1 times each iteration.

2) Algorithms that treat the parameters as additional con-
stant states of the system, resulting in a higher-order system
model that has no unknown parameters. Usually, the new
system model is nonlinear because in most engineering appli-
cations the new states (the parameters) are related nonlinearly
to the original states: e.g., in linear systems, the parameters
appear in the system matrices that multiply the states. Also,
the problem to be solved is of a much higher dimension when
many parameters have to be identified. Thus, the identifica-
tion problem is converted here into a nonlinear filtering or
smoothing problem.

A combined smoothing and identification algorithm was
presented by Cox and Bryson.16 In this approach, the experi-
mental data are smoothed using successively improved sets of
system parameters. As part of the smoothing solution, the
adjoint variables or the sensitivities of the performance meas-
ure to the states of the system are computed. These sensitivi-
ties are used to compute the gradients of the performance
measure with respect to the unknown parameters. The par-
ameters are updated using a quasi-Newton gradient algorithm.
The data are then smoothed with the new set of parameters.
This procedure is repeated until a minimum of the perfor-
mance measure is obtained.

The main advantage of this algorithm is computational.
Using the standard maximum likelihood approach, the com-
putations of the sensitivity functions required to compute the
gradient of the performance measure with respect to the par-
ameters involve one additional filtering pass for each parame-
ter.8 Using the smoothing approach, only one smoothing pass
through the data is performed to obtain all of the information
required to compute the gradients for any number of parame-
ters. The computations involved to determine the gradients of
the performance measure with respect to the parameters are
similar in both cases.

The advantage of the smoothing identification algorithm
compared to the extended model, which treats the parameters
as additional states and results in a nonlinear filter or smoother
problem, is that the smoother implemented here is of the same
dimension as the original system. The nonlinear filtering or
smoothing problem of large dimension is replaced here by
smoothing of a smaller system together with a quasi-Newton
update for the parameters.

In this paper, the parameter identification algorithm pre-
sented by Cox and Bryson16 is expanded and evaluated using
actual flight test data. It is often required to identify one set of
system parameters from several different sequences of experi-
mental data. This greatly improves the identification quality.2
For example, during flight tests, for a given flight condition,

d~J

in Sec. V and compared to recently published rigid-body mod-
els for the BO-105 using maximum likelihood and frequency-
domain techniques.18'19 The good agreement among the three
models provides a validation check of the suggested identifica-
tion algorithm. Some concluding remarks are given in Sec. VI.

II. Identification Algorithm
Identification is the process of selecting parameters of a

model to minimize some measure of the difference between
the measured outputs and the model outputs. A linear system
model can be described by state space and measurement equa-
tions of the form:

(1)

The performance measure is usually a weighted-least-squares
error. The identification task is to find the parameters 6, initial
conditions Ar(0), and the sequence [w(/)], i = 0,...,Af— 1 that
minimize this performance measure:

(2)vT(i + \)R~lv(i + 1)]

The first term in Eq. (2) allows for the inclusion of prior
knowledge of the parameters. For example, in the case of
aircraft model identification from flight test data, the prior
information can include wind-tunnel data; v is the difference
between the measured outputs and the model outputs, zm - z.

The minimization is subject to constraint equations (1). To
satisfy these equations, the performance measure /is modified
by adjoining the constraints using Lagrange multipliers
\(i + 1):

Tu(i,0)u(i)

(3)

Minimizing J is equivalent to minimizing J subject to con-
straints (1).

Variational^ techniques are used to minimize J. The first
variation of J due to small changes of the unknowns of the
problem is given by

dx(i) \T(i

The relations of the first term in Eq. (4) are

for / = 0
i,6)-\T(i) for / = !,...,N (5)

maneuvers with different inputs are performed with data be-
ing recorded for each of them separately, i.e., the data are not
continuous. However, one model is required to describe all of
these maneuvers since the flight condition is the same for all of
them. The proposed algorithm is extended to treat such data in
a consistent manner, without any ad hoc procedures.

In Sec. II, the smoothing identification algorithm for linear
systems is derived. This smoothing identification algorithm is
compared to other time-domain identification procedures us-
ing a simple example in Sec. III. A multimaneuver version of
this procedure is then presented in Sec. IV. This algorithm was
used to identify the six-degree-of-freedom rigid-body model of
the BO-105 helicopter. The identification results are presented

where we define \(N + 1) = 0. The relations of the second
term in Eq. (4) are

dw(i)
\T(i for / = 0, ..., N - 1

(6)

The third term in Eq. (4) depends on the functional relation-
ships among the system matrices and the parameters. In gen-
eral, all of the matrices can be a function of all of the parame-
ters, however, it is uncommon in practice. In the case of the
linear rigid-body aircraft model, each parameter (i.e., stability
or control derivative) is an entry in one of the system matrices
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and thus affects only that matrix. Thus, depending on which
matrix the parameter is in, the relations of the third term in
Eq. (4) are

In the current work, the initial Hessian matrix is set to the
identity matrix, causing the first iteration to be in the steepest
descent direction.

At a stationary point of 7, the first variation dJ vanishes for
arbitrary variations of 5x(i), 6w(/), and 60, and so the co-
efficients of each one of the three terms in Eq. (4) must vanish.
For a given set of parameters 0, setting Eqs. (5) and (6) to zero
and incorporating the constraint equations (1) leads to a
smoothing problem described by

rw(/,0)w(/)

(8)

and the boundary conditions:

*(0) = x0 - P0^(0,0)rX(l), \(N + 1) = 0 (9)

This is a standard linear two-point boundary-value problem
(LTPBVP) and it can be solved using one of the well-known
smoothing algorithms, e.g., forward covariance filter plus
backward smoother or backward information filter plus for-
ward smoother. The latter is advocated in Refs. 15 and 20 and
is attractive when there are no good estimates of the initial and
final conditions of the state vector. This algorithm was imple-
mented in this work (see Appendix A).

Once the smoothing problem is solved, if follows from Eq.
(4) that

which also has to vanish at the stationary point. In general,
this will not be the case. Thus, using the solution of the
smoothing problem, the gradient of J with respect to the
parameters 0, Je is evaluated from Eq. (7). It is important to
note that once the smoothing problem of Eqs. (8) and (9) is
solved, the solution contains all of the information required to
compute the gradient of J for any number of parameters. This
is an important characteristic of this algorithm.

The parameters 0 are updated using a quasi-Newton proce-
dure to minimize J:

(10)

The inverse of the Hessian matrix (Jee ) ~ l in Eq. (10) is
estimated numerically from successive values of the gradient
vector Je using a rank-two update procedure21'22 (see Appendix
B). This quasi-Newton method has good numerical character-
istics even when inaccurate line search procedures are per-
formed to_ minimize J along a search direction.21 The initial
value of (J0e)~l can be chosen as any positive definite matrix.

for / = !,...,/? (7)

An outline of the algorithm is the following:
1) With initial estimates of *(0) = *0 and a set of parame-

ters 0 obtained from the preceding iteration (or an initial guess
00), compute the smoothed states and the forcing functions
[Eqs. (8) and (9)] and evaluate the performance measure J
using Eq. (2).

2) Evaluate the gradient of J with respect to the parameters,
using Eq. (7).

3) Update the parameters 0 using a quasi-Newton proce-
dure, where the inverse of the Hessian of J is estimated using
a rank-two update algorithm.

4) Repeat until the changes in 0 are small and the perform-
ance measure is minimized.

III. Comparison to Existing Time-Domain Algorithms
In this section, we compare our smoothing identification

algorithm with existing maximum likelihood and nonlinear
smoothing algorithms. The differences among these ap-
proaches are discussed. Then the algorithms are compared
using computer simulated data for a first-order system with
two unknown parameters.

Comparison to Maximum Likelihood Algorithms
The maximum likelihood performance measure is given by

2 it (11)

where R is the innovation covariance matrix. Although the
performance measures are closely related and the identifica-
tion results are similar, the maximum likelihood and the
smoothing identification algorithms are not exactly the same.
The gradient procedures used to update the parameters are
different, which leads to different intermediate values of the
parameters at each iteration. Thus, the computations involved
in determining the gradients of the performance measure with
respect to the parameters, which is the main part of the al-
gorithms, are compared. A comparison of the overall perfor-
mance of the algorithms is then presented using a first-order
example.

Maximum likelihood algorithms based on filtering tech-
niques update the parameters by computing output sensitivity
functions. The sensitivity functions are the gradients of the
innovation signal (the difference between the experimental
data and the a priori estimates of these measurements) with
respect to the unknown parameters. The dimension of each
sensitivity function is the dimension of the measurement vec-
tor. These sensitivity functions are used to compute the gradi-
ent of the performance measure with respect to the parame-
ters. Thus, for identifying p parameters or unknown initial
conditions, p sensitivity vector functions must be computed.
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The sensitivity functions can be computed by propagating
an analytically derived set of recursive equations1 or by com-
puting a numerical approximation of these functions (numeri-
cal perturbation method8). The exact analytical formulation is
complicated, especially for time-varying filters. When a steady-
state filter is used, some approximations can be made to con-
struct the analytical recursive set of equations to compute the
sensitivity functions. In both analytical and numerical pertur-
bation implementations, the computational load associated
with the computation of each sensitivity function is equivalent
to that of the nominal filtering of the data.1'8 Thus, at each
iteration, p + 1 filtering passes though the data are per-
formed.

The gradients of the maximum likelihood performance
measure with respect to the parameters VdJm\ are then com-
puted by

(12)

where [V0,XO] is the sensitivity function of the innovation
sequence \y(i)\ associated with the parameter 0y. The innova-
tion covariance matrix R is estimated by1

(13)

Using the sensitivity functions, the second gradient matrix, the Hes-
sian, of the performance measure Jm\ is well approximated by

(14)

In our smoothing identification algorithm, the gradient of
the performance measure is computed using the smoothed
states and the Lagrange multipliers, where the latter can be
interpreted as sensitivities of the performance measure to vari-
ations of the state vector. Compared to filtering, smoothing
requires one pass through the data, which computationally is
less intensive than the filtering pass, especially if a time-vary-
ing smoother is used (see Appendix A). If a steady-state
smoother is used, the smoothing pass is computationally com-
parable to the filtering pass. However, only one smoothing
pass is performed for any number of identified parameters.

The gradients of the performance measure with respect to
the parameters are computed using Eqs. (7). For linear sys-
tems, each parameter usually affects only one system matrix.
Thus, the gradients of the performance measure with respect
to the parameters of a linear system VGjJs are of the form:

tified. This will be now demonstrated by a discrete first-order
example.

A discrete first-order system with two unknown parameters
will be used to demonstrate the differences between computing
the gradients of the performance measure to the parameters
using maximum likelihood and the smoothing identification
algorithms. The system state and measurement equations are

= ax(i) vv(/) (16)

(17)

where x is the state of the system, u the known input, w a white
zero mean Gaussian process noise with covariance q, z the
measurement, and v a white zero mean Gaussian measurement
noise with covariance r. Both q and r are assumed to be
known; a and h are the system parameters to be identified.

For simplicity, a steady-state filter will be used for both the
maximum likelihood and the smoothing identification al-
gorithms. The filter parameters are computed by solving a
first-order Riccati equation:

(ah)2P2 + (qh2-ra2 + r)P - qr = 0 (18)

The Kalman filter gain is then given by:

K = -P (19)

For known covariances q and r, the innovation covariance r
can be computed by

h2(a2P (20)

Computing the gradient of the performance with respect to
the parameters using the maximum likelihood approach in-
volves the following:

1) Propagating the filter equation:

/ + 1) = a/cO') + u(i) + aKz(i + 1) (21)

where #/ = a (I - hK), and [*(/)] is the sequence of the a priori
estimates of the state.

2) With the initial conditions xa (0) = 0 and xh (0) = 0, prop-
agating the sensitivity functions:

(22)
xa(i + 1) = afxa(i) + 3 *(/) + ( K + a— k(/ + 1)

<XO = ~hxa(i)

or

(15)

In Eqs. (15), [*(/')] and [w(/)] are the smoothed states and
process noises, [v(i)] are the differences between the experi-
mental data and the smoothed estimates, and [X(/)] are the
Lagrange multipliers.

Comparing Eq. (12) to Eqs. (15), we see that gradient com-
putations are comparable for the two methods after the sensi-
tivity functions and the smoothed estimates are computed.
However, in the first case, an equivalent of filtering is per-
formed to compute each sensitivity function for each parame-
ter, whereas in the smoothing case, only one smoothing pass is
performed for any number of parameters. Thus, overall, the
smoothing identification algorithm shows considerable com-
putational savings, especially when many parameters are iden-

daf dK
xh(i + 1) = afxh(i) + Tf *(/) + a—z(i + 1)on on

(23)

Note that for this scalar case the partial derivatives in Eqs. (22)
and (23) can be easily determined analytically from Eqs. (18)
and (19).

3) Computing the gradients

r i= i

r i= i

(24)

(25)

where

and r is given by Eq. (20).
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Computing the gradient of the performance measure with
respect to the parameters using the smoothing identification
algorithm involves the following:

1) Propagating the filter equation:

x(i + 1) = afx(i) + (1 - hK)u(i) + Kz(i + 1) (26)

where [*(/)] is the sequence of the a posteriori estimates of the
state.

2) Propagating the smoothing equation backward:

X(i) = af\(i + 1) + —*(/) --*(/), \(N + 1) = 0 (27)

3) Computing the gradients:
N- 1

A/S = — E "5 (0*5(0r / = i

(28)

(29)

where

*s(0 = *(0 - 0^X0' + 1) smoothed state

vs(i) = z(i) - hxs(i)
The first and third steps in the two algorithms are almost the

same. The main difference between the algorithms is in step 2.
In the maximum likelihood procedure, two sensitivity func-
tions have to be propagated, Eqs. (22) and (23). If more
parameters were to be identified, more sensitivity functions
would have to be propagated. In the smoothing identification
algorithm, these recursive equations are replaced by one
smoothing recursion, Eq. (27), and that would be the only
equation for this example even if more parameters were to be
identified.

The actual performance comparison for this example with
computer simulated data will be presented at the end of this
section.

Comparison to Nonlinear Filtering and Nonlinear
Smoothing Algorithms

The use of an extended model that includes the parameters
as additional states involves a nonlinear filtering or a nonlin-
ear smoothing problem of a dimension much larger than the
dimension of the original system. The noniterative, recursive
extended Kalman filter (EKF) can be used in this case. How-
ever, as noted in Ref. 1, the EKF addresses a different prob-
lem than the one posed for off-line identification. It is de-
signed mainly for on-line applications. In general, it leads to
estimates that are inferior to the estimates obtained using
maximum likelihood or iterative filtering/smoothing tech-
niques. If on-line estimates are required, this degradation in
accuracy must be accepted. Since the discussion here is of
off-line batch algorithms, the EKF technique will not be dis-
cussed any further.

The dimension of the extended nonlinear system usually is
much larger than the dimension of the original system. For
example, a six-degree-of-freedom rigid-body model that often
has eight states can have as many as 50 or more parameters
(see Sec. V). In that case, the filtering (or smoothing) will be
of a system with 58 states, which is computationally very
intensive, since the filtering or smoothing involves matrix
equations of the order of the number of states. Since the
system is nonlinear, the option of using a simpler time-invari-
ant (steady-state) filter or smoother is not available, even
when the original model is linear and time invariant. Also, it
should be kept in mind that filtering or smoothing of this
nonlinear system is iterative.

This approach is used in SMACK,23 a nonlinear smoothing
program developed at NASA Ames Research Center for air-

craft flight and accident data analysis. Some computational
savings are introduced by using the fact that the extended
states (the parameters) have no dynamics. Overall, though, the
increased dimension of the problem introduces a computa-
tionally intensive, iterative algorithm.

Using the smoothing identification algorithm, the parame-
ter identification problem is split into two parts. First, holding
the parameters constant, a smoothing problem is solved. For
linear systems, there are noniterative closed-form solutions for
the problem. Then, using the smoothed results, the parameters
are updated by a quasi-Newton procedure. The process is
repeated until the parameters converge.

The iterative solution of the large nonlinear smoothing
problem is replaced in the smoothing identification algorithm
by the iterative solution of two smaller subproblems: smooth-
ing and parameter update using a gradient method. More
iterations may be required using this technique. However,
each iteration is computationally less intensive, especially
when the original system model is linear. When the system is
both linear and time invariant, additional savings can be intro-
duced by using a time-invariant smoothing algorithm.

To demonstrate the rapid increase of dimension and the
introduction of nonlinearities in the extended system, the non-
linear smoothing approach will be applied to the first-order
example introduced earlier.

The state of the system given in Eqs. (16) and (17) is ex-
panded to include the two parameters to be identified, i.e.,

T= a h ]

and the state and measurement equations become

(30)

(31)

(32)

(33)

(34)

The dimension of the state vector y (i) is increased to three and
Eqs. (31) and (34) are nonlinear.

To solve the nonlinear smoothing problem associated with
this example, the gradients of the state and measurement
equations with respect to the states are required.14 These gradi-
ents, which can be viewed as the system matrices of the lin-
earized nonlinear system, are

o
o

H(i)=(y3(i) (35)

The matrices $(/) and H(i) depend on the expanded systems
states, i.e., these matrices are time dependent. Thus a time-
varying iterative algorithm is needed to solve this nonlinear
three-dimensional smoothing problem. In contrast, the smoothing
identification algorithm uses a simple first-order time-invari-
ant smoother for the same identification task [Eqs. (26) and
(27)].

Performance Comparison for a Single-Input, Single-Output Example
The system given by Eqs. (16) and (17) was simulated on a

digital computer. The nominal values of the system parame-
ters were taken as a = 0.9 and h =0.5. In the simulation, the
sequence [«(/)] is a 20-step doublet of magnitude 1 followed
by 10 samples with zero input. The process and measurement
noises are created using a digital random signal generator with
covariances q = 0.01 and r = 0.1.
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The maximum likelihood, the nonlinear smoothing, and the
smoothing identification algorithms were used to identify the
parameters a and h. The initial guesses of the parameters were
taken as a0 = 0.7 and H0 = 0.3 for all three algorithms.

Figure 1 shows the direction of the initial gradients of the
performance measures with respect to the parameters in the a
vs h plane. It is clearly seen that these gradient directions agree
well. However, as described earlier in this section, fewer com-
putations were involved in computing the gradient using the
smoothing identification algorithm. The CPU time that was
needed to compute the gradients using the smoothing identifi-
cation technique was 40% of the CPU time used by the maxi-
mum likelihood approach and 36% of the CPU time used by
the nonlinear smoothing algorithm.

Figure 2a shows the performance measures of the three
algorithms as a function of the iteration number. The perform-
ance measures are normalized by their initial values. Figure 2b
shows the values of the identified parameter a as a function of
the iteration number. The maximum likelihood and the
smoothing identification algorithms took six iterations to con-
verge, whereas the nonlinear smoothing algorithm converged
in four iterations. Convergence was declared when there was
no change in four significant digits of the performance mea-
sures.

The savings of the smoothing identification algorithm are
evident. Compared to maximum likelihood, each iteration is
computationally less intensive, and overall, the smoothing
identification algorithm used about 40% of computer time to
perform the identification. The nonlinear smoother solves a
three-dimensional accessory smoothing problem at each itera-
tion. Even though fewer iterations were performed, our al-
gorithm used about 52% of the CPU time compared to the
nonlinear smoothing. The savings of our algorithm would be
even greater if more parameters were identified.

Table 1 presents the final parameter values and the associ-
ated Cramer-Rao bounds (CRB), which are an estimate of the
accuracy of the identified parameters. The Cramer-Rao
bounds are estimated by

CRB (36)

where HESS is the Hessian or the second gradient matrix of
the performance measure with respect to the parameters, and
the // indicates the diagonal elements of the matrix. In maxi-
mum likelihood, the HESS is estimated from the sensitivity
functions, Eq. (13). The nonlinear smoother propagates the
state covariance matrices and, thus, part of it is the desired
Hessian. The smoothing identification algorithm estimates
HESS ~ 1 using the rank-two update procedure. The results
presented in Table 1 demonstrate the comparable accuracy of
the three algorithms evaluated here.

The identification was repeated with a wrong value of the
process noise covariance q = 0.1 instead of 0.01 that was used
in the simulation. The identification results are presented in
Table 1. The similarity in the results demonstrates the com-
parable sensitivity of the algorithms to the value of the noise
covariance.

Figures 2a and 2b and Table 1 clearly demonstrate the com-
parable behavior of the smoothing identification algorithm
compared to the maximum likelihood and nonlinear smooth-
ing identification algorithms. This means that the significant
computational savings introduced by the smoothing identifi-
cation algorithm do not affect its performance and accuracy.

IV. Multimaneuver Identification Algorithm
To achieve better identification results, flight test maneu-

vers are often repeated to get more data at a particular point
of the flight envelope. Also, most of the maneuvers provide
data that can be used to identify only a subset of the parame-
ters of interest by exciting only a few of the aircraft modes
(e.g., maneuvers with primarily longitudinal or lateral inputs).
Thus, an algorithm that deals with data from several maneu-
vers is needed. The algorithm presented in Sec. II is extended
here to treat such data.

Currently, multimaneuver data are treated in an empirical
fashion. In the time domain, the data from different maneu-
vers are connected, using empirical data segments to obtain a
smooth transient between the experimental data.18'24 The con-
necting segments are not weighted in the identification. How-
ever, since all of the data are processed as one data string, the
estimated initial conditions of each maneuver numerically de-
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Fig. 1 Single-input, single-output example—the gradients in the pa-
rameter space.
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Fig. 2 Single-input, single-output example—results: a) normalized
performance measures, b) convergence of the parameter a.

Table 1 Comparison of the identified parameters with correct and wrong q

Parameters
a
CRBa

h
CRBa

Maximum likelihood
Correct q Wrong q

0.9032 0.9042
0.0107 0.0195
0.5212 0.5127
0.0269 0.0451

Nonlinear smoothing
Correct q Wrong q

0.9031 0.9030
0.0097 0.0202
0.5210 0.5323
0.0242 0.0477

Smoothing and identification
Correct q Wrong q

0.9031 0.9030
0.0096 0.0203
0.5210 0.5323
0.0234 0.0492

aCRB = Cramer-Rao bounds.
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pend on the previous data, which also means that the identifi-
cation results will depend on the order in which the experimen-
tal data are appended. This does not represent actual flight
tests, where initial conditions of each maneuver are indepen-
dent of each other.

In the frequency domain, empirical windowing techniques
are used19 to smooth the transients between the data segments.
These techniques do not make use of the often important a
priori knowledge of the model describing the identified system.

Using the smoothing and identification technique presented
here, the problem of transients between different data seg-
ments is avoided. The data from each maneuver are smoothed
separately with a fixed set of system parameters. The smoothed
data from all of the maneuvers are then used together to com-
pute an overall gradient of the performance index with respect
to the parameters. By this approach, at the convergence of the
parameters, the initial conditions for each maneuver are esti-
mated independently from each other. To obtain those esti-
mates with the standard maximum likelihood techniques, the
initial conditions of all of the maneuvers would have to be
treated as additional parameters that would greatly increase
the number of parameters to be identified.

For the multimaneuver case, the identification performance
measure is defined by

respect to the parameters are evaluated by

JT =
y = i

(37)

where 7, is the performance measure defined as in the single
maneuver case, Eq. (2), and is evaluated based on the smoothed
data (initial conditions, time histories of the states, and pro-
cess noise vectors) of they'th maneuver only.

The factors ex, allow us to weight the data of different ma-
neuvers by their relative accuracy. For example, data from
flight tests performed on a calm day are more reliable and,
thus, should be weighted more than data collected on a windy
day.

The performance measure JT is modified to include the
constraint equations (1):

(38)

where 7, is the performance measure of each maneuver modi-
fied by the constraints similar to the single maneuver case, Eq.
(3).

The first variation of JT due to small changes of the unknowns
of the problem is given by

,5.
(39)

At a stationary point of JT, the first variation 8/7- vanishes.
Since the variations 5xj(t)9 5vv/(/), and 60 are independent,
each one of the terms in Eq. (39) has to vanish. For a given set
of parameters 0, setting the first two terms of Eq. (39) to zero
for each maneuver separately and incorporating the constraint
equations (1) leads to a smoothing problem for the data of
that maneuver, as described in Sec. II.

Once the smoothing problem for each maneuver is solved, it
follows from Eq. (39) that

which also has to vanish at the stationary point. In general,
that will not be the case and the parameters 6 must be changed
to decrease the performance measure JT.

The gradients of Jj with respect to the parameters 6 are
computed by Eq. (7). Subsequently, the gradients of JT with

(40)

Based on this gradient information, the parameters 6 can be
updated using a quasi-Newton procedure to minimize JT:

"new — ̂ old " (41)

The inverse of the Hessian matrix (Jree)'1 will be again numer-
ically estimated using the rank-two update procedure.

An outline of the multimaneuver identification algorithm is
the following:

1) For a set of parameters 0, obtained from the preceding
iteration or an initial guess 00, for each maneuver separately,
solve the associated smoothing problem to compute the time histo-
ries of the smoothed states and the forcing functions and evaluate
the performance measure JT given by Eqs. (2) and (37).

2) Evaluate the gradient of JT with respect to the parame-
ters, Eqs. (7) and (40).

3) Update the parameters 6 using a quasi-Newton proce-
dure, where the inverse of the Hessian of JT is estimated using
the rank-two update algorithm.

4) Repeat until the changes in 6 are small and the perfor-
mance measure is minimized.

V. BO-105 Rigid-Body Model
In this section, the identification results of the linear rigid-

body model of the BO-105 helicopter from flight test data are
presented. The flight tests were performed at 80 kt forward
flight speed at a density altitude of 3000 ft and were conducted
by DLR, Institute for Flight Mechanics, Braunschweig, Ger-
many. The goal is to test the suggested smoothing identifica-
tion algorithm and compare its performance with two similar
models that were identified using maximum likelihood and
frequency-domain techniques.18

The original BO-105 flight test data were taken at 100-Hz
sampling rate. For a low-bandwidth rigid-body model identifi-
cation, a lower sampling rate can be used, reducing the
amount of data for processing. The rigid-body modes of a
helicopter lie in the frequency range below about 2 Hz, and
thus the experimental data bandwidth and sampling rate can
be reduced.19 In this study, the data were filtered to reduce
their bandwidth to 2 Hz and the sampling rate was reduced to
20 samples/s using the approach presented by Milne.8

The helicopter rigid-body motions are coupled in the longi-
tudinal and lateral axes. Thus, a coupled six-degree-of-free-
dom (DOF) model is used to identify the rigid-body dynamics.
In the flight tests, the helicopter was excited with relatively
small inputs, about 4% stick deflection from the trim posi-
tion, causing only small attitude changes. Thus, a linear 6-
DOF model can be used, where the variables of the model are
the perturbations of the helicopter states around the trim
values of the straight and level flight.25

The unmodeled rotor dynamics strongly affect the identifi-
cation results of the rigid-body model.18'19 Pure time delays
were used to represent these dynamics to improve the identifi-
cation results. In the time domain, the delays were identified
separately before the 6-DOF identification using correlation
techniques.18 In the frequency domain, these delays were iden-
tified as part of the overall model from the frequency response
data.19 In the current work, the equivalent rotor delays are
modeled by four first-order lag filters, one for each control
input.

The state vector of the overall model consists of eight rigid-
body states and four rotor delay states. The rigid-body states
are the three body axis components of the translational veloc-
ity, the angular rates, and the roll and pitch attitude angles.
All of the rigid body states are measured. The measurements
also include the three body axis components of the transla-
tional acceleration.
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The flight test data include maneuvers with doublet, multi-
step "3211," and frequency sweep inputs of the four control
axes: longitudinal and lateral stick, collective, and pedals. The
inputs were produced by the pilot, who followed a prescribed
input time history displayed to him on an onboard monitor.
The multistep "3211" input maneuvers were used by DLR for
time-domain identification of the BO-105 rigid body model,18

and the frequency sweep input maneuvers were used by the
U.S. Army to identify this model using frequency-domain
techniques.18'19 The maneuvers with the doublet inputs were
then used for model validation.

The time-domain smoothing identification algorithm pre-
sented in this paper was used to identify the rigid-body model
of the BO-105 using the multistep "3211" input maneuvers.
Since each maneuver involved excitation of one control axis
only, one set of model parameters was identified from the data
of four maneuvers, one for each control axis, using the multi-
maneuver algorithm presented in Sec. IV.

Identification Results
The BO-105 flight tests were carefully monitored to make

sure that the data channels were consistent with each other. It
was also recently reported that the BO-105 flight test data are
of good quality with only a few measurement errors, which
include scale factors on the velocity sensors and biases of the
roll and pitch rate gyros.24

The parameter vector that was identified included the stabil-
ity and control derivatives, the rotor delay time constants, and
the measurement errors mentioned earlier. However, some of
the parameters, such as the stability derivatives Xv, Xr, and
the control derivative Xiatt were not identified because of their
negligible effect on helicopter response.

The identified model is compared here to two other identi-
fied models.18'19 The U.S. Army Ames model was identified

Table 2 BO-105 stability derivatives

Derivative
Xuxv*
Xw

XP
xq
Xr*
Yu*
Yv
Yw

YP
Yq
Yrzu
Zv

a

ZH,
ZP
Zq
Zr*
Lu

Lv
Lw
Lp

Lq
Lr

Mu

A/v
Mw
Mp
Mq

Mr

Nu*
Nv
Nw

"P
**<,
Nr

NASA Ames
-0.038

0.000
-0.061

0.756
2.548
0.000
0.000

-0.221
-0.083
-2.030

4.823
0.950
0.246
0.000

-1.187
2.622
7.011
0.000

-0.061
-0.206

0.168
-8.779

3.182
0.991
0.000
0.050
0.096

-0.998
-4.493
-0.438

0.000
0.082

-0.119
-0.466

5.432
-1.070

DLR
-0.059

0.000
0.036
0.000
0.000
0.000
0.000

-0.170
0.000
0.000
0.000
1.332
0.014
0.000

-0.998
0.000
5.012
0.000

-0.081
-0.271

0.116
-8.501

3.037
0.410
0.029
0.048
0.053

-0.419
-3.496
-0.117

0.000
0.117
0.034

-1.057
0.809

-0.858

Smoothing
-0.055

0.000
0.041

-0.028
-0.046

0.000
0.000

-0.195
-0.043
-0.636
-0.050

1.318
0.161
0.000

-1.026
1.084
4.997
0.000

-0.098
-0.279

0.121
-8.548

3.009
0.705
0.029
0.059
0.048

-0.447
-3.496
-0.195

0.000
0.117
0.037

-1.038
0.793

-1.087

using frequency-domain techniques, and the DLR model was
obtained from a standard maximum likelihood procedure.
Tables 2 and 3 present the identification results together with
the parameters obtained by NASA Ames and DLR. In Table
4, the natural modes and time constants of the resulting mod-
els are compared.

Model Validation
The last step of a system model identification is its valida-

tion using flight test data other than those used in the identifi-
cation. Maneuvers with doublet inputs were used to validate
the three BO-105 rigid-body models: the model identified in
this work and the Ames and DLR models. For that, the
models are driven with the actual inputs of these maneuvers
and the model output is compared to the experimental data.
As part of the validation procedure, the state equation biases
and zero shifts in the measurement data, which result from
inaccurate estimates of the initial conditions and control trim
settings, are estimated by minimizing the weighted-least-
squares error between the model and the vehicle responses.

The validation results are demonstrated in Figs. 3 and 4 for
the four doublet maneuvers using the three models described
here. As an example, the roll and pitch rate time histories are

Table 3 BO-105 control derivatives and equivalent
rotor time constants

Derivative
^lon
*lata

*peda

Xco\
Yion*
Flat
Fped
Ycoi
Zlon
Ziata

Zpeda

Zco\
L\on

L\at
£ped
^col
Mlon
Miat
Mped
A/col
A/"lon
Niat
Nped
JVcol
T\on
Tlat
Tped
Tcol

NASA Ames
-0.072

0.000
0.000

-0.046
0.000
0.066

-0.015
-0.032
-0.103

0.000
0.000

-0.388
0.073
0.179

-0.027
0.058
0.098
0.000
0.013
0.073

-0.075
0.033
0.057

-0.051
0.112
0.062
0.044
0.168

DLR
-0.028

0.000
0.000
0.000
0.000
0.003

-0.011
0.000

-0.303
0.000
0.000

-0.349
0.024
0.185

-0.028
0.032
0.093

-0.009
0.000
0.057
0.000
0.026
0.049
0.000
0.100
0.060
0.040
0.040

Smoothing
-0.013

0.000
0.000
0.002
0.000
0.033

-0.020
0.005

-0.275
0.000
0.000

-0.373
0.037
0.191

-0.027
0.043
0.104

-0.011
0.008
0.054
0.004
0.021
0.051

-0.002
0.099
0.060
0.039
0.038

aAssumed zero a priori.

Table 4 BO-105 modes and time constants

NASA Ames DLR Smoothing

Pitch
Roll

Roll
Pitch
Pitch
Spiral

2.601 0.217
0.300 -0.363

Real poles
1/s

8.322
6.040
0.492
0.025

2.499 0.142
0.328 -0.151

Real poles,
1/s

8.490
4.362
0.599
0.021

2.520 0.185
0.323 -0.148

Real poles,
1/s

8.539
4.307
0.697
0.028

aAssumed zero a priori.
frequency, (rad/s).
bDamping ratio; if negative, unstable poles.
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Fig. 3 BO-105 model validation: roll rate, rad/s.
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Fig. 4 BO-105 model validation: pitch rate, rad/s.

presented. These plots present the accuracy and the predictive
capabilities of the models.

Discussion
The BO-105 rigid-body model identification results are pre-
sented in Tables 2-4. The parameter values obtained using the
three different identification techniques (frequency domain,
maximum likelihood, and the smoothing identification algor-
ithm) agree favorably. The model validation results, presented
in Figs. 3 and 4, further support the comparable accuracy of
the three models.

These results provide a good check for the performance of
the suggested smoothing identification algorithm. The big ad-
vantage of this algorithm is computational savings and a rat-
ional multimaneuver technique. Compared to the maximum
likelihood algorithms, for the current example, and assuming
that the initial conditions are not estimated using maximum
likelihood, the smoothing algorithm took about 11% CPU
time per iteration. If the initial conditions of every maneuver
were identified, the parameter vector for maximum likelihood
would increase considerably; in this case of 12 states, there
would be an additional 48 parameters to identify. The multi-
maneuver algorithm presented in Sec. IV identifies those ini-
tial conditions as a part of the solution of the smoothing
problem. Also, the multimaneuver algorithm provides a con-
sistent way to treat flight test data from few maneuvers.

The rigid-body models can describe accurately the heli-
copter response in the low-frequency range; however, dis-
crepancies can be still seen at higher frequencies or faster
motions (see Figs. 3 and 4). These discrepancies are attributed
to the unmodeled rotor dynamics. Even though equivalent
rotor lags were introduced in the model, they do not correctly
represent the coupling of the helicopter body and rotor dy-
namics. Models that incorporate the coupling between a sim-
plified rotor model and the rigid-body model were recently
presented18'19; however, identification difficulties using the
given BO-105 experimental data were reported due to the lack
of rotor state measurements.

VI. Conclusions
In this paper, a parameter identification algorithm for lin-

ear systems based on smoothing was presented. The algorithm
smoothes the experimental data with different sets of system
model parameters. One smoothing pass through the data pro-
vides all of the information required to compute the gradients
of the performance measure with respect to any number of
system parameters. Computing the gradients from the smoothed
data provides big computational savings compared to the
standard maximum likelihood approach. The gradients are
then used to update the parameters. The procedure is repeated
until convergence is obtained.

Using this approach, data from several experiments can be
used consistently to extract one set of parameters to match all
of the data. The initial conditions for eacti data segment are
automatically estimated as part of the smoothing process and
do not have to be treated as additional parameters, which
provides additional computational savings.

The proposed algorithm was validated by identifying a six-
degree-of-freedom linear rigid-body model of the BO-105 heli-
copter from flight test data. The identification results are
compared to two models identified by maximum likelihood
and frequency-domain techniques using the same flight test.
The good agreement among the three models demonstrates
that the computational savings introduced in the smoothing
identification algorithm do not affect its accuracy.

Appendix A: Backward Information Filter,
Forward Smoother

Backward Information Filter
Using the final conditions yN/N+ \ = 0 and SN/N+ i = 0, per-

form the measurement downdates for / = N9 ... ,1 as follows:

Perform the time downdates for / = N— 1, ... ,0 as follows:

- Tw(i)KB(i)]Tyi+ 1
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yi/i+ i = *T(i,6) [I - Tw(i)KB(i)]T

x \yi+ i/i+ 1 - Si+ 1//+ iTu(i,

Storey///, wfl(/), S/ + i / / + i , and £*

Forward Smoother
Compute the initial conditions:

which uses the inverse of the Hessian matrix. Equation (B2)
can be inverted to directly update the estimate of the inverse
Hessian matrix ///. The update is given by

LVo/i

For / = 0, ... ,7V - 1 compute

w(/) = WB(/) - KB(i)

Appendix B: Rank-Two Update Procedure
The rank-two update procedure is a technique for estimat-

ing the second-order gradient matrix, the Hessian, of the
performance measure with respect to the parameters. In a
broad view, this procedure is a numerical approximation of
the Hessian from the values of the gradient evaluated with two
sets of parameters at successive iterations. A derivation of the
procedure outlined here can be found in Refs. 21 and 22.

Let Of and V0// denote the parameters and the gradient of
the performance measure with respect to those parameters at
iteration /. The new values of the parameters are computed
using a quasi-Newton procedure:

(El)

where Bf is the estimate of the Hessian matrix for the parame-
ters dj. The scalar <*/ is the step size that leads to a minimum of
the performance measure along the search direction given by
- BI~ l V0//. The gradient of the performance measure for the
new values of the parameters 0/+ i is V0//+ i.

The change in the parameter and gradient vectors is defined as

„ _ /! /j
Pi — "i + 1 ~~ "i

qf = V0//+1 - V07/

The estimate Bt of the Hessian matrix is updated by two rank-
one matrices, which are the outer products of the changes /?/
and Qi. This provides an at most rank-two update of Bj and is
given by

(B2)

To show the rank-two property of this update better, Eq. (B2)
can be arranged as

(B3)—=—
qfpi

where a/ is a scalar, representing the step size of the quasi-
Newton procedure described in Eq. (Bl). From Eq. (B3), it
can be concluded that, if the change in the gradient vector qf
is parallel to the gradient vector V0//, this update will be of
rank-one only.

The initial value of the Hessian matrix B0 can be chosen as
any symmetric positive definite matrix. The identity matrix is
commonly used, causing the first parameter update to be in
the steepest descent direction.

In this work, the rank-two procedure is used as a part of the
quasi-Newton algorithm to update the system parameters,

(B4)

This update equation was incorporated in the identification
procedure represented in this paper.
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